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Content

First we prove a theorem known as identity:
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Theorem 0.1 (theorem1).
P → P

Proof.

1 P → (Q → P ) add axiom axiom1

2 P → ((P → P ) → P ) replace Q by P → P in 1

3 (P → (Q → A)) → ((P → Q) → (P → A)) add axiom axiom2

4 (P → ((P → P ) → A)) → ((P → (P → P )) →
(P → A))

replace Q by P → P in 3

5 (P → ((P → P ) → P )) → ((P → (P → P )) →
(P → P ))

replace A by P in 4

6 (P → (P → P )) → (P → P ) MP with 2, 5

7 P → (P → P ) replace Q by P in 1

8 P → P MP with 7, 6

Now we prove a theorem known as (one form of) hypothetical syllogism:

Theorem 0.2 (theorem2).

(Q → A) → ((P → Q) → (P → A))

Proof.

1 P → (Q → P ) add axiom axiom1

2 P → ((Q → A) → P ) replace Q by Q → A in 1

3 ((P → (Q → A)) → ((P → Q) → (P → A))) →
((Q → A) → ((P → (Q → A)) → ((P → Q) →
(P → A))))

replace P by (P → (Q → A)) →

((P → Q) → (P → A)) in 2

4 (P → (Q → A)) → ((P → Q) → (P → A)) add axiom axiom2

5 (Q → A) → ((P → (Q → A)) → ((P → Q) →
(P → A)))

MP with 4, 3

6 (B → (Q → A)) → ((B → Q) → (B → A)) replace P by B in 4

7 (B → (C → A)) → ((B → C) → (B → A)) replace Q by C in 6

8 (B → (C → D)) → ((B → C) → (B → D)) replace A by D in 7

9 ((Q → A) → (C → D)) → (((Q → A) → C) →
((Q → A) → D))

replace B by Q → A in 8

10 ((Q → A) → ((P → (Q → A)) → D)) → (((Q →
A) → (P → (Q → A))) → ((Q → A) → D))

replace C by P → (Q → A) in 9

11 ((Q → A) → ((P → (Q → A)) → ((P → Q) →
(P → A)))) → (((Q → A) → (P → (Q → A))) →
((Q → A) → ((P → Q) → (P → A))))

replace D by (P → Q) → (P → A)

in 10

12 ((Q → A) → (P → (Q → A))) → ((Q → A) →
((P → Q) → (P → A)))

MP with 5, 11

13 P → (B → P ) replace Q by B in 1

14 (Q → A) → (B → (Q → A)) replace P by Q → A in 13

15 (Q → A) → (P → (Q → A)) replace B by P in 14

16 (Q → A) → ((P → Q) → (P → A)) MP with 15, 12
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